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An Iterative Procedure for Nonlinear Flutter Analysis

Craig L. Lee*
Texas Instruments Incorporated, Lewisville, Texas

An iterative procedure in the frequency domain is presented for flutter analysis of large dynamic systems with
muitiple structural nonlinearities. The major components of the procedure are the describing function approach
for system linearization, a structural dynamics modification method for shifting system mode shapes and fre-
quencies, and a complex eigenvalue algorithm for solution of the flutter equation. The purpose of the procedure
is to achieve alignment of the oscillatory amplitude in each nonlinear spring with the describing function predic-
tion of stiffness before computing the final stability characteristics. The result is a system tuned to the flutter fre-
quency at the time of instability. To support the development and validation of the procedure, several describing
functions are formulated and a quantitative measure of the errors in each is presented. Validation of the iterative
method is accomplished through examples involving dynamic systems of increasing complexity, coupled with
various representations of the unsteady aerodynamic forces. Both numerical simulations and experimental data
are used to compare with the iterative predictions. In the cases studied, the agreement is good to excellent, with
the method accurately predicting the amplitude of a limit cycle flutter as well as the initial disturbance required

to produce flutter.

Introduction

LUTTER predictions for nonlinear dynamic systems have

been hindered in the past by limitations in the analytical
methods. Contemporary flutter techniques capable of han-
dling multiple degree-of-freedom (dof) systems coupled with
advanced unsteady aerodynamics consider them to be linearly
elastic, while those that deal with the nonlinear systems im-
pose severe restrictions on the number of nonlinearities, the
size of the system, or the acrodynamic formulation. As the
number or magnitude of structural nonlinearities in a given
system becomes significant, the assumption of linear elasticity
results in a poor estimation of the stability boundary. Since
virtually all tactical missile systems as well as aircraft struc-
tures contain some concentrated nonlinearities, their prom-
inence in the analysis of wing and control surface flutter is
increasing.

Relevant studies into the effects of nonlinearities on the
flutter characteristics of wings and control surfaces can be
found in Refs. 1-12. These studies have shown that nonlinear-
ities influence not only the flutter speed, but also the
characteristics of the flutter motion. In contrast to the linear
system with its exponential growth in amplitude at the time of
instability, the nonlinear system can achieve a state of
equilibrium between elastic, inertial, and aerodynamic forces
that is ultimately manifested as a stable limit cycle oscillation.
Also, the stability of the nonlinear system may become func-
tionally dependent on the amplitude of the initial disturbance.
The magnitude of this disturbance, contrary to linear system
behavior, can result in a number of stability states ranging
from stable to a condition of divergent flutter.

Analytical techniques that deal directly with structural
nonlinearities in the aeroelastic stability problem can be
grouped largely into two categories: 1) analog simulation or
numerical integration of the nonlinear differential equations
of motion in the time domain and 2) linearization of the
nonlinear system through application of the describing func-
tion!¢ approach or method of ‘‘harmonic balance’ in the
frequency domain. The earliest studies into the nonlinear
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flutter phenomena were primarily analog in nature and con-
centrated on establishing an understanding of the mechanism
rather than developing extensive analytical procedures.
Woolston et al.,’? Shen,® and Breitbach** conducted their
initial investigations on simple dynamic systems that could
be easily represented mathematically. The computation of
the unsteady aerodynamic forces was typically accomplished
through application of Theodorsen’s!® equations for two-
dimensional incompressible flow. This approach was advan-
tageous because the formulation could readily be expressed
in either the reduced frequency domain or the time domain
using Wagner’s!* or Kissner’s!”> function for arbitrary mo-
tion. The relatively simple aerodynamics coupled with a 2 or
3 dof dynamic system presented a very manageable set of
differential equations and achieved the intended goal of
focusing attention on the effects of the nonlinearities. To-
day, with the complexity of missile control surface design in-
creasing, application of more advanced three-dimensional
aerodynamic techniques such as the Mach box method!” or
the doublet lattice method!® is needed to produce the most
efficient designs. However, these approaches were developed
in the frequency domain for use with the normal mode for-
mulation of the equations of motion and a transformation to
the time domain for arbitrary motion is cumbersome and in-
efficient. Thus, the development of techniques for nonlinear
flutter analysis that use these methods cannot easily rely on
time domain simulations to produce ‘‘experimental’’ data
for verification. In the absence of wind tunnel or flight data,
the alternative is to implement the simpler formulations and
assume that validation based on them is extendable to the
more advanced aerodynamic methods. This approach has
been taken in the present study in conjunction with a limited
amount of flight data.

Aside from Laurenson and Trn’s’ solution for a system
with two interacting nonlinearities, Breitbach’s® work in
1980 was the first published that dealt with the problem of
multiple nonlinearities in large dynamic systems. He pro-
posed an iterative procedure in the frequency domain that
recognized the need to align the oscillatory amplitude in each
nonlinear spring with the describing function prediction of
stiffness before a consistent set of solutions could be ob-
tained. The present study, in addition to recognizing this
need, uses an iterative procedure in which the system mode
shapes and frequencies are shifted during the alignment pro-
cess. This produces a system tuned to the flutter frequency at
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the time of instability. Conducting the procedure over a
range of amplitudes at a preselected reference degree of
freedom then allows complete stability boundaries to be
constructed.

The Iterative Procedure

Use of the describing function method for characterizing
concentrated structural nonlinearities results in a linearized
approximation to the nonlinear system. The method yields a
functional relationship between the stiffness of the nonlinear
spring and its displacement during the application of a
dynamic load. Producing a linearized system allows the use
of conventional flutter methods such as the normal mode ap-
proach. In turn, this has the distinct advantage of represent-
ing a large dynamic system as a computationally manageable
truncated series of normal modes. Several problems arise,
however, when applying the describing function method to
large systems with multiple nonlinearities. A dynamic system
excited by an external oscillatory forcing function of
prescribed amplitude and frequency will produce a unique
displacement in each of the nonlinear springs. These
displacements correspond to a single set of stiffness values
per the appropriate describing functions. Calculation of the
nonlinear spring displacements is usually accomplished
through normal mode summation or the mode-superposition
method. However, this approach requires prior knowledge
of the normal mode shapes of the system, which are
themselves a function of the stiffness values of each
nonlinear spring. From a rigorous analytical standpoint
then, it becomes necessary to align the nonlinear spring
displacements produced by the external forces with the stiff-
ness terms used to compute the system mode shapes. The
aeroelastic stability problem is further complicated by the
dependence of ‘the unsteady aerodynamic forces on these
mode shapes. Nevertheless,the amplitude-stiffness alignments
can be accomplished by an iterative procedure in the frequency
domain. '

Figure 1 illustrates movement through the procedure,
beginning with the determination of natural frequencies and
mode shapes of the dynamic system with some nominal
values of stiffness for the nonlinear springs. After calcula-
tion of the generalized aerodynamic forces using aero-
dynamic influence coefficients, the normal mode flutter
equation is solved, yielding n complex eigenvalues and eigen-
vectors. Because each of the n flutter solutions is associated
with a distinct oscillatory frequency, each will produce a uni-
que set of displacements in the nonlinear springs. Conse-
quently, only one of these unique sets is selected for align-
ment with the nonlinear spring stiffnesses (i.e., the one
suspected of being unstable). This is equivalent to consider-
ing the unsteady aerodynamics as a family of forcing func-
tions, each at a distinct frequency, and tracking the effect of
each throughout the flutter analysis. This approach is con-
sidered valid because, at the time of instability, the response
of the system is sharply peaked only at the flutter frequency
as noted by Shen.? Under these conditions, the alignment
procedure produces a dynamic system that is tuned to that
specific flutter frequency.

With the uth eigenvalue of interest selected, the procedure
continues with the calculation of displacements in each
nonlinear spring. Normal mode summation is employed
along with an assumed displacement at one of the system’s
degrees of freedom, usually a translation or rotation of a
structural node point on the control surface. This reference
displacement, dg, represents the amplitude of a limit cycle
oscillation or the magnitude of the initial disturbance for
which the system stability characteristics are being in-
vestigated. An initial scale factor, o'¥, is computed at the
reference dof as

dp = [210(¥,1 M
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where [®,] is the row matrix of eigenvector terms for the
reference dof and {¥,} the preselected uth column of modal
amplitudes from the flutter solution. The net displacement
of the ith nonlinear spring is then given by

60 =) 1 (o) — sV @
j=1

where ¢ and b designate the two dof associated with the
nonlinear spring. The complete set of nonlinear spring
displacements is

(41 =afd [Ays ] (¥,) 3)

where [A®,q] is the difference matrix of associated modal
eigenvector terms.
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The describing functions are now employed to compute a
set of stiffness values corresponding to these displacements:

{hns} @ =1f(69)} “

With knowledge of the initial stiffness value of the ith
nonlinear spring, a delta or incremental stiffness matrix is
generated similar to the stiffness matrix of a simple axial
element:

1 -1
[Ast](0)=(k§3)s*k1(\;s){ | IJ ®)

Following similar calculations for each nonlinear spring, a
generalized AK matrix is formed:

[AK]O = [ns ] OT [Akyg 1O [Pps] @ ©®

We are now prepared to shift the frequencies and mode
shapes of the unmodified system. In accordance with the
structural dynamics modification (SDM) method presented
by Weissenburger'® in 1968, the normal mode equations of
the dynamic system are recast in the form

[[M](O’—v([K](°’+[AK](O))]{21=0 Q)

where v is the eigenvalue of the free vibration equation and
{£} is the column matrix of normal mode coordinates. The
complete solution of these equations yields » new natural
frequencies designated as [w]®. The corresponding mode
shapes are computed from

[2]W=[2]O[E] ®

where [Z] is the complete set of normal mode coordinates,
i.e.,

(2} = [£1,42,.-.£,] &)

Recalculation of the generalized dynamic properties of the
system using the modified frequencies and mode shapes in-
itiates the second step of the iteration. The flutter equations
are solved again and the procedure continues until con-
vergence is obtained on the sth iteration. This occurs when
the following conditions are met simultaneously:

59 _s(5-1
‘ d ! <e¢ (i=1,2,3,...NSP) (10)

8

where NSP is the number of nonlinearities in the system and
¢ a preselected residual. Once the system has converged, the
stability characteristics and flutter mode shape are computed
from the eigenvalue and eigenvector of the flutter equation.
By varying the reference amplitude dj, stability curves can
be generated as a function of this amplitude. The
characteristics of a limit cycle flutter are thus determined or
the intitial disturbance required to induce flutter is known.

A factor, referred to as the convergence accelerator, may
be applied to the stiffness values of Eq. (4) during subse-
quent iterations to improve the convergence rate of the
scheme. If the nonlinear spring is found to be monotonically
converging to the aligned stiffness value, an accelerator
greater than one will improve the convergence rate for that
spring. If the iterations in stiffness are oscillatory about the
aligned value, a convergence accelerator less than one is ap-
propriate. The actual values chosen are at the discretion of
the analyst. However, the final solution is independent of the
accelerators used.
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Describing Functions

An important part of the iterative procedure is the
linearization of the dynamic system through the application
of describing functions. A thorough review of the basic
describing function method as applied to concentrated struc-
tural nonlinearities has been presented by Laurenson and
Trn.” For the purposes of this study, the describing function
approach was applied to several generic classes of nonlinear-
ities, with the emphasis on quantifying the accuracy of the
resulting functions. To do so, their dynamic behavior in a
free-vibration single-degree-of-freedom (sdof) spring-mass
system was studied. For some of the simpler nonlinear
elements, such as the bilinear spring, closed-form exact solu-
tions exist for their periods and, hence, frequencies. In these
cases, a comparison of the results from their describing func-
tions to the exact solutions provides a good indication of the
usefulness of the overall describing function approach to
linearization. The advantage of the method becomes clearly
evident when characterization is required of complicated
nonlinearities for which exact solutions do not exist. These
can generally be handled with modest computational effort
following the describing function approach. The accuracy of
these functions is determined by comparison to time domain
simulations of the differential equations.

Bilinear Force-Displacement Relationship

A spring with bilinear characteristics is shown in Fig. 2.
This type of nonlinearity can possess both softening and
hardening properties as illustrated or can become a freeplay
nonlinearity with &, equal to zero. From the definition of
the describing function as the ratio of the equivalent stiffness
to a reference spring stiffness, the following relationship can
be derived:

T=k/k, (A<s)

k 2¢,  sin2t
_ :e _ *(1_ ! )(_1_+_S_‘E_l> (ssA<ow) (11)
T

2 kz T

where A is the oscillatory amplitude and ¢, =sin~!(s/A4).
This function is illustrated in Fig. 3 for various values of
k,/k,. As the amplitude ratio increases, k, predominates in
both the hardening and softening cases and the describing
function value approaches unity. Below an amplitude ratio
of 1.0, the system becomes linecar and the describing function
is constant. An exact closed-form solution for the natural
frequency of a spring-mass system with bilinear stiffness
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Fig. 3 Bilinear spring describing functions.
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characteristics has been developed by Timoshenko and
Young.?® The percent error in the describing function predic-
tion of frequency when compared with the exact solution is
presented in Fig. 4. The error becomes large only for very
low stiffness ratios and only when the displacement
amplitude exceeds the value of s slightly. Even in the worst
case when k,/k, is zero, the error is less than 10% for
amplitude ratios less than 0.75. The maximum error is
quickly reduced as the stiffness ratio increases and is less
than 3% for k,/k, of 0.10.

Nonlinear Spring with Freeplay and Hysteresis

The force-displacement relationship for a nonlinear spring
with freeplay and hysteresis is illustrated in Fig. Sa. The
force developed in the spring (Fig. 5b) is an exponential
function of displacement for both increasing and decreasing
load paths. The amount of hysteresis is controlled by selec-
tion of the powers n and m. The greater the difference
(n—m), the greater the hysteresis. The describing function
for this nonlinearity can be expressed in terms of the stiff-
ness k, =F,/s;,

I'=0 (A<s,)
=k,/ky (5;<A=s,+5,) (12)
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Fig. 4 Error in bilinear spring describing function.
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The equivalent stiffness &, is

k,=(a}+b})"/A (s,<A=s +5;) 13)
where
2 F2> [ 1 1 ]
=— A—s)rt! - 14
“ TA \ s} (A=) n+l m+l a4

2 F.
b, :—-—( : ) I, +5 L, + (A=5)""" Ly +851,)]

TA \ 5%

(15)

In the expression for b,
A-s1 anZ
I :S - 16
" Jo (—72—25z—s}+ A" (16

with z=Asint—s,. This describing function is illustrated in
Fig. 6 for several values of n and m with s, =0. In the
absence of freeplay, the shape of the force-time history, nor-
malized to the peak force, is identical for any amplitude
(i.e., .the curves are similar for a given set of n and m
values). As a result, the error in the describing function
prediction of frequency was found to be constant over the
amplitude range. These errors are presented in Table 1 and
indicate generally excellent agreement with the numerical
results. In all cases, the predictions overestimated the fre-
quency. The general trend is that the error increases with in-
creasing n and m values and with increasing (n—m) values.
Over the practical range of these quantities, however, the er-
ror remains below 8% . With free play present, the force-time
histories are no longer similar and the error increases
dramatically for amplitudes just exceeding the free-play
region, as was the case with the bilinear spring. The general
trends are still evident, but the errors are now a function of
amplitude.

To complete the characterization of this nonlinearity, the
hysteresis is formulated in terms of an equivalent viscous

Table 1 Error in the describing function
prediction of frequency with s; =0

n m Error, % n m Error, %
1 1 0.0 2 3 4.4
1 2 1.0 2 4 7.8
1 3 2.6 3 3 2.2
1 4 4.9 3 4 6.2
2 2 0.7 4 4 4.0
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Fig. 5 Nonlinearity with freeplay and hysteresis.
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damping ratio. This is accomplished by equating the work
done on the nonlinear spring through one cycle of forced
motion at its resonant frequency to the energy dissipated by
a viscous damping force during a cycle of motion at the
same frequency and amplitude. The equivalent viscous damp-
ing ratio then becomes

te=a/2Nat+b7 a7

Table 2 gives the results for cases without freeplay in which
the damping ratio is constant over the amplitude range.
Computed logarithmic decrements from the numerical time
histories were used to determine the error in the describing
function prediction. Fair to good agreement is achieved with
the maximum error at 25.4%. The damping ratio is not con-
sistently overestimated or underestimated nor are there con-
sistent trends in the data.

Validation of the Iterative Procedure

Four examples, ranging from relatively simple configura-
tions to a complex dynamic system with multiple nonlinear-
ities, serve as validation of the iterative method.

Ten Degree-of-Freedom Spring-Mass System

To illustrate the amplitude-stiffness alignment process
within the procedure, the 10 dof spring-mass system of Fig.
7 was analyzed. A single free-play nonlinearity was assumed
to be present between nodes 1 and 2. The system was excited
by a sinusoidally varying displacement with a peak amplitude
of 0.254 cm (0.10 in.) applied at node 11. The iterative pro-
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Fig. 6 Nonlinear spring describing function with s; =0.
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Fig. 7 Ten dof spring-mass system.
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cess leading to the proper nonlinear stiffness value is
presented in Fig. 8 for an excitation frequency that tracks
the first or lowest mode of the system. The iteration begins
in the upper left corner of Fig. 8 where, through normal
mode summation, the amplitude of the nonlinear spring is
determined to be 0.0378 cm (0.0149 in.) for the initial stiff-
ness value of 175 kN/m (1,000 lb/in.). At this amplitude, the
describing function prediction of stiffness is zero. A shift in
system mode shapes and frequencies using zero stiffness
results in a rigid-body mode and a new nonlinear spring
amplitude of 0.254 ¢cm (0.10 in.), the same as the excitation
amplitude. At this displacement, the nonlinear stiffness is
computed to be 135.5 kN/m (744 1b/in.). Applying a con-
vergence accelerator of 0.75 to this value produces a new
stiffness estimate for the next iteration of 97.7 kN/m (588
Ib/in.). The corresponding amplitude becomes 0.0622 c¢m
(0.0245 in.). The iteration continues in similar fashion until a
present convergence criterion has been met. The final values
of nonlinear spring stiffness and amplitude are 56.9 kN/m
(325 1b/in.) and 0.0937 cm (0.0369 in.), respectively, with the
aligned fundamental frequency at 2.00 Hz down from an in-
itial frequency of 2.38 Hz.

The ‘“tuned” system frequencies and mode shapes and
thus the final nonlinear spring characteristics are indepen-
dent of the initial system dynamics, provided that a complete
set of modes is used in the iteration. For relatively small
dynamic systems, this approach is feasible. However, for
larger systems, a truncated series of normal modes is
necessary to hold computing costs to an acceptable level. The
ability of the structural dynamics modification process to
shift mode shapes and frequencies with only a partial set of
system dynamics available becomes an important considera-
tion. Table 3 presents the alignment point characteristics for
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Fig. 8 Nonlinear spring amplitude-stiffness alignment process for
10 dof system.

Table 2 Error in the describing function
prediction of viscous damping ratio with s, =0

n m ¢ &, Error, %
1 2 0.06453 0.05702 —11.6
1 3 0.11032 0.08948 —18.9
1 4 0.14583 0.11091 -23.9
2 3 0.03049 0.03311 +8.6
2 4 0.05419 0.05522 +1.9
3 4 0.01774 0.02225 +25.4
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Table 3 Changes to nonlinear spring alignment point with
reduction in the number of modes used in the analysis (k, =175 kN/m)

Number Aligned nonlinear spring characteristics
of modes Amplitude, cm Stiffness, KN/m
10 0.0937 56.9
9 0.0932 56.4
7 0.0897 52.2
5 0.0792 38.5
3 0.0610 9.8

Table 4 Changes to nonlinear spring alignment point with
reduction in the number of modes used in the analysis (k, =0)

Number Aligned nonlinear spring characteristics
of modes Amplitude, cm Stiffness, kN/m
10 0.0935 56.7
9 0.0937 56.9
7 0.0937 57.1
5 0.0942 57.6
3 0.0960 59.5
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Fig. 9 Nonlinear flutter boundary for 2 dof flutter model with
nonlinearities in both plunge and pitch.

the 10 dof system using successively fewer modes in the itera-
tion. The initial system dynamics in this case were deter-
mined with a nonlinear spring stiffness of 175 kN/m (1,000
Ib/in.). Although the frequency predictions experience
almost no degradation, the predicted nonlinear spring align-
ment point for the first mode tracking exhibits an unaccep-
table movement as the number of modes is reduced. The cor-
responding information for the case in which the initial
dynamics include a rigid-body mode are presented in Table
4. Now, the nonlinear spring alignment point holds position
very well, with the amplitude and stiffness values being only
2.7 and 4.9% overpredicted with as few as three modes being
included in the iteration. Although not conclusive, this ex-
ample indicates that excellent alignment point predictions
can be achieved with relatively few modes if the proper in-
itial system dynamics are used.

Two Degree-of-Freedom Flutter Model

The second configuration analyzed was the ‘‘typical sec-
tion’’ flutter model experimentally tested by McIntosh et al.’
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Fig. 10 Twin control surfaces in supersonic flow.

in 1980. Although the tests involved a single bilinear spring
in either the pitch or plunge dof, nonlinearities in both posi-
tions simultaneously were considered analytically as well.
The flutter boundary for the case with nonlinearities in both
pitch and plunge is shown in Fig. 9. The results from the
numerical simulations as well as the iterative frequency do-
main approach are included. The unsteady aerodynamics in
this case were computed using Theodorsen’s!’ equations. At
low amplitude ratios, the system acts exactly as it would with
only a hardening plunge nonlinearity exhibiting a drop in
flutter speed as the plunge amplitude increases. This type of
behavior is indicative of an amplitude-sensitive instability in
which an initial disturbance of prescribed amplitude is
necessary to produce an unstable system. At an amplitude
ratio of approximately 2.25, a distinct change occurs with
the boundary, reversing its downward movement. The flutter
speed continues to increase thereafter and approaches the
linear high-amplitude boundary calculated to be 56.1 m/s
(184 ft/s). The abrupt change in the boundary can be ex-
plained by examining the amplitude ratio of the pitch
nonlinearity at the alignment points along the boundary as
determined by the iterative procedure. Shown in Table 5,
the pitch amplitude ratios remain below 1.0 for plunge ratios
up to 2.25. At that point, the pitch ratio exceeds unity and
the beneficial effect of increasing the pitch stiffness is im-
mediately evident. Unlike the single nonlinear spring cases,
four stability regions exist for this configuration. Uncondi-
tionally stable behavior is present at speeds below 38.4 m/s
(126 ft/s). Between that level and 42.1 m/s (138 ft/s), an
amplitude-sensitive region of stable limit-cycle flutter exists.
To illustrate this, consider a speed of 39.6 m/s (130 ft/s). An
initial disturbance ratio of less than 1.7 will allow the system
to remain stable. Exceeding this value will cause a limit-cycle
flutter to occur with an amplitude ratio of about 2.7. Pro-
ceeding beyond 42.1 m/s (138 ft/s), a limit-cycle flutter will
occur at the amplitude ratios indicated, regardless of the
magnitude of the initial disturbance. This third stability
region exists up to 56.1 m/s (184 ft/s). Above that speed is
the region of divergent flutter.

This example demonstates that the stability boundary of a
system with multiple nonlinearities does not necessarily fall
between the high- and low-amplitude boundaries predicted
by a linear flutter analysis. Knowledge of the amplitude at
each nonlinear spring is needed to properly predict the
stability characteristics.

Twin Control Surfaces in Supersonic Flow

A more complex dynamic system consisting of the twin
control surfaces shown in Fig. 10 was considered next. Using
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Table 5 Amplitude-stiffness characteristics at alignment points
along the flutter boundary of 2 dof flutter model
Plunge Pitch
Amplitude Nonlinear Amplitude Nonlinear Phase
ratio stiffness ratio stiffness &, angle O,
Ap/sy ky, kN/m A, /s, kN-m/rad deg
1.00 21.89 0.31 0.0877 —22.0
1.40 24.50 0.50 0.0877 —24.6
2.00 26.58 0.87 0.0877 —28.6
2.25 27.33 1.04 0.0882 —30.1
3.00 28.91 1.30 0.0951 -28.5
4.00 30.15 1.61 0.1029 —26.9
5.00 30.90 1.90 0.1086 -25.7
8.00 32.04 2.73 0.1194 -23.8
10.00 32.43 3.29 0.1238 -23.1
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Fig. 11 Flutter boundary for twin control surfaces with nonlinear
kys and kyc. )

piston theory aerodynamics, up to three nonlinearities were
analyzed simultaneously with the resulting flutter boundary
for the case with two shown in Fig. 11. Identical nonlinear-
ities with parabolic force-displacement relationships were
considered to be present in both the k,, and k,. springs.
The stability boundary resembles that of the two dof flutter
model to some degree and includes the four stability regions
discussed. Between o, =1 and 10 deg, the flutter mode is a
symmetric coupling of the first and third normal modes.
However, below «, =1 deg, the flutter mode shape becomes
highly. asymmetric with control surface C being virtually un-
coupled from the system. The pitch displacement o is
several orders of magnitude below o, and resembles a ‘‘sym-
pathetic’’ response. Also, it is now 180 deg out of phase with
o, . This region is one of amplitude-sensitive instability and
its existence was confirmed with numerical simulations. At
182.9 m/s (600 ft/s), the initial pluck necessary to cause a
limit cycle flutter is around 0.4 deg. Below this value, the
system remains stable as illustrated by the solid triangle in
Fig. 11. Initial disturbances above this amplitude shift the
system into a stable limit-cycle flutter with both @, and ac
oscillating in phase at an amplitude of 2 deg.

The type of initial disturbance necessary to produce flutter
is of interest in this region, although the final flutter mode
shape remains the same. If the initial pluck is asymmetric
(i.e., ay=2.2 deg, ac=0), the system will oscillate in the

asymmetric mode for a relatively long time with the
amplitude « gradually building. This is shown in Fig. 12
where more than 0.5 s elapses before the final limit cycle
mode shape is acquired. Initially, the oscillation « is 180
deg out of phase with a,, but a gradual phase shift occurs
until symmetry is obtained. The closer the initial asymmetric
pluck is to 0.4 deg, the longer it takes to acquire the final
symmetric mode shape. However, if initial plucks (symmetric
or antisymmetric) are imparted to both control surfaces, the
phase alignment ‘and acquisition of the final flutter mode
shape is’ much more rapid. It should be noted that the
iterative procedure accurately predicts the asymmetric shape
as well as the final flutter mode shape.

Tactical Missile Wing Pair

A practical application of the iterative procedure was ex-
plored with consideration of the tactical missile wing pair
(Fig. 13). This system was relatively large with approximately
700 dof and was analyzed with three nonlinearities of various
types. The doublet lattice method and the Mach box method
were used to determine the nonlinear flutter boundary in
both the subsonic and supersonic flight regimes. In the
supersonic case, real-time telemetry data of a limit-cycle flut-
ter (Fig. 14) was used to compare with the amplitude and
frequency predictions of the iterative method. Correlation
with amplitude was fair, with the telemetry data indictating a
peak displacement of approximately 1.2-1.5 deg, while the
iterative procedure predicted 0.8 deg using three nonlinear-
ities in the model. The computed flutter mode shape contains
some asymmetry with the amplitude of wing 3 greater than
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Fig. 14 Limit cycle flutter of tactical missile wing pair.

wing 1, but not to the extent shown in Fig. 14. The indicated
flutter frequency was in the 88-92 Hz range versus a
predicted frequency of 96 Hz. It is believed that the inclusion
of additional nonlinearities in the analytical model would im-
prove the results.

Conclusions

Conclusions drawn as a result of this study are as follows:

1) As in past studies, the describing function approach to
system linearization was found to be a straightforward and
reasonably accurate method. When employed in nonlinear
flutter analysis, its success is due in large part to the inherent
harmonic nature of the phenomenon.

2) The structural dynamics modification procedure has the
ability to shift system frequencies and modes shapes when
the system is subjected to local stiffness variation. The pro-
cedure is exact when all the normal modes of the structure
are present. Its accuracy decreases when the number of
modes used in the analysis is reduced. However, the error in
the technique can be kept to an acceptable level by prudent
selection of the initial system dynamics.

3) The iterative procedure is capable of rigorous analysis
of large dynamic systems with multiple nonlinearities. The
procedure accurately predicts the amplitude of a limit-cycle
flutter as well as the magnitude of the initial disturbance
necessary to induce flutter. Also, flutter frequencies and
complex mode shapes are in agreement with both numerical
simulations and experimental data.

4) The computational expense of the iterative procedure is
commensurate with the size of the dynamic system. In most
cases, however, the expense is minimal. For the examples
presented, usually less than 10 iterations were needed at each

AIAA JOURNAL

point on the boundary to produce an aligned system. The
complete boundary of Fig. 11 was determined in less than 1
min of CPU time. In contrast to this, each iteration for the
tactical missile wing pair required 3 s of computing time,
resulting in a total time in excess of 6 min. The calculations
were made on an IBM 3033.
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